In this paper, a modified couple stress model containing only one material length scale parameter is developed for the static analysis of orthotropic micro-plates with arbitrary shape. The proposed model is capable of handling plates with complex geometries and boundary conditions. From a variational procedure, the governing equilibrium equation of the micro-plate and most of the general boundary conditions are derived, in terms of the deflection, using the principle of minimum potential energy. The resulting boundary value problem is of the fourth order (instead of existing gradient theories which is of the sixth order) and it is solved using the analogue equation method. Several plates of various shapes, aspect and Poisson's ratios are analysed to illustrate the applicability of the developed micro-plate model and to reveal the differences between the current model and the classical plate model. Moreover, useful conclusions are drawn from the micron-scale response of this new orthotropic plate model.
Introduction
Since the classical continuum theory is inadequate to predict the behaviour of micron-scaled structures, which has been proven experimentally to be size dependent, the utilisation of strain gradient (higher order) theories is inevitable. Although these general theories encounter the physical problem, they contain additional constants which are difficult to determine even in their simplified form of only two constants. Thus, gradient elasticity theories involving only one additional material constant are very attractive. The couple stress theory is a special case of these higher-order theories in which the effects of the dilatation gradient and the deviatoric stretch gradient are assumed to be negligible. An analytic presentation of the aforementioned theories can be found in [1] [2] [3] .
The work that has been reported on the subject is restricted only to the vibration and buckling problems of orthotropic nano-plates of graphene sheet. More specifically, Sakhaee-Pour [4] studied the elastic buckling problem of singlelayered graphene sheet by an atomistic modelling approach, while Pradhan and Phadikar [5] carried out the vibration analysis of embedded multi-layered graphene sheets and Murmu and Pradhan [6] solved the buckling problem of single-layered graphene sheet employing the nonlocal elasticity theory of Eringen [7] .
In this work, the simplified couple stress theory of Yang et al. [8] is developed for the static solution of orthotropic Kirchhoff micro-plates with arbitrary shape. Yang et al., modifying the classical couple stress theory, proposed a couple stress model in which only one material length parameter is needed to capture the size effect. This simplified couple stress theory is based on an additional equilibrium relation, which forces the couple stress tensor to be symmetric. So far, it has been developed for the static bending [9] and free vibration [10] problems of a Bernoulli-Euler beam, for the static bending and free vibration problems of a Timoshenko beam [11] and for the solution of a simple shear problem [12] after the derivation of the boundary conditions and the governing differential equation of the theory in terms of the displacement. Moreover, Tsiatas [13] studied the static bending problem of Kirchhoff plates and Tsiatas and Katsikadelis [14] the SaintVenant torsion problem of micro-bars.
The proposed model is capable to handle plates with complex geometries and boundary conditions. To the authors' knowledge, publications on the solution of the particular problem have not been reported in literature. The rest of the paper is organised as follows. In Section 2, the governing equilibrium equation, together with the pertinent boundary conditions in terms of the deflection is derived in its most general form, including elastic support or restraint. The resulting boundary value problem of the micro-plate is of the fourth order and it is solved using the analogue equation method (AEM) in Section 3. Rectangular and elliptical plates of various aspect and Poisson's ratios are analysed in Section 4 to illustrate the developed orthotropic micro-plate model and to reveal the differences between the current model and the classical plate model. Finally, a summary of conclusions is given in Section 5.
multiply connected domain Ω of arbitrary shape in the x,y plane bounded by the K+1 curves 0 1 2 , , , , K Γ Γ Γ … Γ . The curves ( 0,1,2, , )
may be piecewise smooth, i.e. they may have a finite number of corners. The plate is bending under the combined action of the distributed transverse load ( , ) q x y , the edge moment nn M and the edge force n V producing a three-dimensional deformation state, including the transverse deflection ( , ) w x y and the in-plane displacements, which in the absence of in-plane forces are given as [13] , ( , , ) , , ( , , ) . Subsequently, the displacement and rotation vectors of the micro-plate become [13] , 1
3 ,
, 1
and the nonzero components of the strain and curvature tensor take the form [13] , ,
x xx y yy xy xy 
The components of the bending moment tensor [15] and the couple moment tensor [13] are given as 11 , 12 , 22 , 12 , , , 
respectively, where D 11 , D 12 , D 22 and D 66 are the orthotropic plate rigidities and D l is the contribution of rotation gradients to the bending rigidity. Using the minimum potential energy principle, the governing equilibrium equation is obtained as [13] , , 
in Ω, together with the boundary conditions 
at the k-th corner, where
are the stress resultants and , a x = n . In eqns (8-10) n,t denote the directions normal and tangent to the plate boundary and s its arc length (intrinsic coordinates [16] ). Using eqns (6) and (7) 
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Substituting eqns (6) and (7) into eqn (8) 
in Ω. The boundary conditions (9a,b) can be rewritten in the most general form, including elastic support or restraint, as
where β i , γ i are functions specified on Γ and
is the effective shear force, with
Note that all conventional boundary conditions can be derived from eqns (21) by specifying appropriately the β i and γ i functions. When the boundary Γ is nonsmooth, the following corner condition must be added to eqns (21)
in which a ik are constants specified at the k-th corner. One can observe that for 0 (20), (21) and (24) 
,
.
The above stress resultants consist of two components. The first component is due to plate bending and the second one is due to the microstructure plate bending effect.
The AEM solution
The boundary value problem described by eqns (20) and (21) is solved using the AEM. Let w be the sought solution of eqn (20) . This function is four times continuously differentiable with respect to the spatial co-ordinates x, y in Ω and three times differentiable on its boundary Γ. According to the concept of the analogue equation of Katsikadelis, as it was developed for the complete fourthorder plate equation [17] , eqn (20) can be replaced by the biharmonic equation 
where ˆj w is a particular solution of the equation
The particular solution to eqn (29) can always be determined, if f j is specified.
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The homogeneous solution is obtained from the boundary value problem 4 0 in ,
Thus, the solution of eqn (26), for points x ∈ Ω , is written in integral form as For points ∈ Γ x where the boundary is smooth, the two boundary integral equations for the deflection and its normal derivative are given as [18] * * * * , , The subscript v in eqn (34) indicates that the normal derivative is taken with respect to point x ∈ Γ . Moreover, the kernels v, v ,n , * ( )
V v ν in the above relations can be readily found using the Rayleigh-Green identity with the help of eqns (9-13) as in [19] .
The first and second derivatives of the displacements for points inside Ω are obtained by direct differentiation of eqn (32). Thus, for the sake of conciseness, we can write the integral representations of the deflections and its derivatives up to the third order 
where , , 0, , p q r x y = .
The final step of AEM is to apply eqn (20) to the M points inside Ω and replace the involved values of the deflection and its derivatives using eqns (32) and (35) 
where F is a known M M × matrix, g is also a known 1 M × vector and α is the vector of the M coefficients to be determined. Once α is determined, the solution to the problem function w and its derivatives are evaluated from eqns (32) and (35).
Numerical examples
On the basis of the numerical procedure presented in the previous section, a FORTRAN code has been written and numerical results for certain micro-plates have been obtained, which illustrate the applicability, effectiveness and accuracy of the proposed model. The employed approximation functions are the multiquadrics, which are defined as 
Rectangular micro-plate
A rectangular simply supported micro-plate with various aspect ratios, subjected to a uniform load, has been analysed (N=80, M=225). First, a square orthotropic plate ( 0 l l D = = ) was investigated in order to compare the results with those obtained by previous investigators [15, [20] [21] [22] . The rigidities are given as 2 3  3  3  1  1 2  1 2  11  22  12  22  66  2  2  1  2  1  2 , , ,
where the employed data are: bending moments at the centre of the plate are presented, which are in very good agreement compared with those obtained from the analytic solution of Lekhnitskii [22] .
Afterwards, the response of the same plate was investigated taking into account the microstructural effect, as measured by the material length scale parameter l ( ). From Figure 1 , it can be pointed out that the rate of decrease of the normalised central deflection of the orthotropic micro-plate depends on the aspect and Poisson's ratio in contrast to the isotropic one which depends only on the Poisson's ratio [13] . Moreover, for a given aspect ratio, the rate of decrease of the normalised central deflection is totally independent of the Poisson's ratio. From the presented results, it can be also concluded that the deflection is decreased, in general, nonlinearly with the increase of l/h. However, for the examined orthotropic material, the nonlinearity increases with the decrease of the aspect ratio. From the same figure, it is also observed that the deflection of the micro-plates decreases with the increase of the aspect ratio.
Elliptical micro-plate
In order to investigate the micron-scale response of a single-layered graphene sheet, an orthotropic elliptical nano-plate with clamped boundary has been studied (N=250, M=241). The rigidities in this case are given as [6] 
where the employed data are: 
Conclusions
In this paper, a new plate model was developed for the static analysis of orthotropic micro-plates with arbitrary shape containing only one internal material length scale parameter which can capture the size effect. The governing equilibrium equation and the most general boundary conditions of the microplate are derived in terms of the deflection, using the principle of minimum potential energy. The resulting boundary value problem is of the fourth order and it is solved using the AEM. The main conclusions that can be drawn from this investigation are summarised as:
The present model is alleviated from the drawback of existing micro-plate models, the analytic solutions of which are restricted only to micro-plates with simple geometric shapes.
The rate of decrease of the deflection of a simply supported orthotropic microplate depends on the aspect and Poisson's ratio, in contrast to the isotropic one which depends only on the Poisson's ratio. Moreover, for a given aspect ratio, the rate of decrease of the deflection is totally independent of the Poisson's ratio.
For the same examined orthotropic rectangular micro-plate with fixed material volume, it is proved that the smaller the aspect ratio the smaller the deflection.
In the orthotropic elliptical nano-plate with clamped boundary, the deflection as well as the bending moments is also decreased, in general, nonlinearly with the increase of l/h. However, the rate of decrease is different for the normalised deflection and bending moments.
